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Abstract: This report includes a review of published as well
as recent results. In previous papers a new kind of optical bi-
stability was proposed which is connected with reflection and re-
fraction of light by a single surface on a nonlinear medium without
a resonator or feedback; its first experimental observations were
made recently by Smith et al. The main conditions required for its
existence are very exact matching of the optical densities of both
media and almost grazing incidence of light. These effects are
available for positive nonlinearity as well as for negative non-
linearity. In the last case, it is possible to excite a new kind of
nonlinear wave (longitudinally inhomogeneous travelling waves) which
could provide a phenomenon of strong nonlinear parallax of refracted
rays along the interface. For more simple observation and some ap—
plications of reflection bistability, the use of an electro~optic
element as an "artificial" nonlinearity can be proposed; this light-
feedback method is analogous to that used in hybrid devices. Our
last result is connected with a proposition for a new way to realize
reflection bistability which consists of application of single-mode
optical waveguides (one of which must be nonlinear) rather than
using two semi-infinite media. This allows us to avoid the second-
ary effects of self-focusing and self-bending of bounded refracted
beams of light in a nonlinear medium. At the same time it con-
serves all features of the main phenomenon of reflection bistability.
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I. INTRODUCTION

In a nunber of articles!—15 published in recent years a new
class of effects in nonlinear optics was investigated, which arose
under special conditions!s2 (1976) of almost grazing incidence of
strong light on the interface between a linear and nonlinear medium
whose susceptibilities are very close to each other. All possible
effects, in particular bistability, in such cases are caused by com-
petition between linear mismatch of susceptibilities of these media
and a nonlinear component; under the above conditions this competi-
tion can lead to a strong change of interface reflection even if
the nonlinear component is small (as it usually is in nonlinear
optics).

This mechanism provides the main difference between such
phenomena and known optical bistability. At the present time,
the known bistable optical devices are comprised of a Fabry-Perot
interferometer filled with a nonlinear medium, first proposed by
Seidell® and Szoke et al.l” in 1969 and first observed by Gibbs,
McCall and Venkatesan in 197418, (One can see a detailed survey of
this development in Ref. 19.) In these systems, the bistability is
due to the presence of a resonator (interferometer) which provides
a feedback. The media used might have resonant saturating absorp-
tionl6s18 or Kerr-nonlinearity?9; it was also proposed to use a
phase transition in the resonant system of two-level atoms2!, Use
of resonators or resonance causes these devices to be strongly
selective to the frequency of the incident light.

In contrast to these, the present paper is concerned with
phenomena not involving resonance and therefore might use a broad
spectrum of light. Interaction of light with matter in this non-
resonant arrangement can give rise to a number of new effects (be-
sides bistability) which are of physical interest as well as of
importance to applications and, moreover are not possible in
resonators.

Effects due to nonlinear interface reflection predicted by the
plane wave theory include the following:

1) multistability and hysteresis jumps in reflection coefficient! 710

2) change and scanning of the refraction angle and reflection co-
efficient by varying the intensity of incident 1ight1a2’7'9

3) total bleaching of interface by incident light with definite
intensityl’2

4) change of penetration depth of the field into reflecting medium
in the regime of total internal reflection (TIR) 12

5) excitation of nonlinear waves of a new kind (so called longi-
tudinally inhomogeneous travelling waves - LITW’~%>13 and
effects connected with LITW, namely

6) strong nonlinear self-parallax of refracted rays along the
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interface®,? and
7)  self-limitation of the enmergy flux of the refracted light’—10,

The conditions mentioned above (proximity of susceptibilities
and grazing incidence [1,2]) are important for the demonstration of
the existence of all these effects in nonlinear optics. The lack
of these conditions leads to missing the phenomena; this may be the
reason why such effects were not found earlier (beginning from 1962)
either theoretically or experimentally in studies by Bloembergen
et al.?? devoted to harmonic generation by reflection of light from
nonlinear dielectrics.

The first experimental observation of the new phenomenon was
made recently by Smith, Herman, Tomlinson and Maloney3, who demon-
strated hysteresis behavior of reflection by "positive" nonlinear
(Kerr-effect) medium. Their first evaluations apparently show good
agreement with the plane wave theoryl,? modified for the bounded
beam case.

The most detailed and analytically exhaustive theory has been
developed for the case of plane incident waves!s>2,5=10 (yhich im-
plies also the assumption concerning one-dimensional behavior of
all waves in the system). There are numerical calculations only
for "bounded beam" cases !17!%, obtained recently which demonstrate
contradictory results for the main issues of the problem and it has
not been possible to check them analytically.

Therefore, this paper is devoted to a brief survey of the pub-
lished plane-wave theory results as well as to a brief considera-
tion of some new results in this direction. There are several
reasons why the plane-wave theory remains to be of essential inter-
est: 1) it is of general physical interest by itself because it in-
troduces new kinds of waves (such as LITW) and a new problem into
nonlinear electrodynamics (for instance, a 'continuum problem" for
LITW); 2) it can be applied to other nonlinear wave problems, for
example, in a plasma; 3) it can point out the new interesting direc-
tion of research for real bounded beams and 4) there are at least
several possible experimental situations which can be precisely
described by the equations of plane wave theory (see below).

II. THE MAIN EQUATIONS AND CONDITIONS

Let a plane wave with amplitude E;, be incident from a linear
medium with susceptibility €, at the glancing angle ¥ (Fig. 1) on
the boundary of a nonlinear medium whose susceptibility depends on
the field amplitude E in the medium:

2
enL = €, *Aep + leg (JE]) 1
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Fig. 1. Wave diagram of the nonlinear interface. Ray traces in
nonlinear media: 1) travelling plane wave (PW), 2) longi-
tudinally inhomogeneous travelling wave (LITW), 3) total
internal reflection (TIR).

where in the simplest case (for instance, Kerr-nonlinearity)

) ‘
heyr = €, |E| (2)

and Agj, does not depend on the field.

To expect the phenomena concerned, the above mentioned condi-
tions should be satisfiedl>?2

1/2
Ae] (3)

N ; >> 0 v =
1> ]AeLl |AeNL| ;1 >> Y [Eo
which amount to ¥ v 1° at ]AENL| " 107", It can be pointed out that
these conditions simplify the theory and make the phenomena inde-
pendent of the polarization of incident light.

As usual, the field in a linear medium can be represented in
the form of two homogeneous plane waves, one of which is the inci-
dent wave and the other the reflected wave, which should be charac-
terized by an unknown complex reflection coefficient r. The wave
equation for the complex amplitude of the field E in a nonlinear
medium in the one~dimensional case can be written as

2 —_—
2 e (JE|) w/e
Q_% + kZE N T coszw =0; k = (4)
o € o c
dz o

where the z axis is perpendicular to the boundary (the total field
is LEexp(-iwt) + c.c.). By comparing the tangential components of
the fields on both sides of the boundary, the generalized boundary
condition for the refracted wave E can be obtained?

i d E(0) +

iz ko siny [2Ein - EM0)] =0 . (5)

An expression for the reflection coefficient r is,
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-1 . (6)

The field E in a nonlinear medium can be represented in the form:
_ z
ikoig(z)dz + i¢ + ikoxsin?] (p=const) (7)

o

E = u(z)exp

where u(z) and £(z) are real; & is the angle formed by the rays and
the x axis at a given point z. For plane waves (PW) u and £ are con-
stant, and for surface waves (SW), when TIR occurs, £=0. In general,
u and & are not constant.

As is usual in the theory of reflection from a semi-infinite
medium, the condition at infinity is of great importance. Since
there are no sources inside the nonlinear medium, only travelling
waves should propagate toward the interior of the medium (or SW
which do not carry any energy along the z axis at all). Therefore?2
in the expression (7) for z » «

u > const = u_ > 0, & -+ const = gw >0, (8)

in essence the Sommerfeld radiation condition (the absence of the
reverse wave).

Substituting the field in the form (7) into the wave equation
(4), we obtain the first integral of it,

I = Euz = const = Ewui >0 (9)

which expresses the conservation of energy flux, and also the equa-
tion for the real amplitude u,

2
2 €, (u™) 2
é—E-+ k2u AN T coszw S 0. (10)
2 o) € 4
dz o u

The first integral of this equation, which satisfies the radiation
condition (8), can be written in the form7,

u

d 2 2
[—d‘z‘] = k. j [F(u) = Flu,)] d[—lz-] (11)
u

u
o

where the nonlinear "characteristic" function F(u) is introduced,

€ (uz)
Paw) = u* | T cos?yl . ‘ (12)
(o]
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By integrating Eq. (11) and taking into account boundary condition
(5) one can obtain all possible wave solutions for a given problem.

II. EFFECTIS AT "POSITIVE" NONLINEARITY

It can be proven?~7 that in the simplest case of "cubic" non-
linearity (2) with €, >0 (i.e., Kerr-nonlinearity) only two kinds
of one-dimensional wave regimes can exist:

1) homogeneous plane wave (PW), u(z) = const, which corres-
ponds to the transmission regime (|r| <1) and

2) surface wave (SW), £ =0, which corresponds to TIR

(jr|=1).

Both of them are nonlinear analogs of corresponding linear waves,
but differ now from those by dependence on the incidence light in-
tensity. Using the expressions (4-7) with u and £ constant for
the transition regime under conditions (1), it is easy to obtain
"Snell's nonlinear formula" for transmission angle £,1°2

2 Ae £
SR R

or "Fresnel's nonlinear formula" for the reflection coefficient r,

AeL
€
(o]

€
Arwz + (1+r)2+€—2 IEin| (1+r)4=0 s (14)
o]

(see Fig. 2).

If linear Pismatch is negative (Agy <0) and w‘iwcr’ where
Yor = (| L€ I/E:o)/2 is the critical angle of linear TIR, then non-
linear TIR can be excited. The profile of wave intensity now is
not exponential; it can be obtained from (11) with u,=0, that in
the nonlinear medium the surface wave has a "self-channel shape
(which is well known in the theory of self-focusing),

1L
2e |
[

= |— ____L . = 2 - 2
v €, ch(koyz-+c) > Y [wcr ¥ ] (15)

where ¢ is determined from boundary conditions (5) and can have
from one to four values (for different Y and Ein) that provides
multistability and the possibility of hysteresis jumps (see
Fig. 2).
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Fig. 2. Dependence of the reflectivity r on incident light inten-
sity lEinl at different glancing angles { in the case of
negative linear mismatch of susceptibilities (AEL‘<O) and
positive nonlinearity (e,>0). Cyrves 1) g
) b=y > 4-1) Vb > %/2, 5) ¥ =V../2V2 (nonlinear
bleaching), 6,7) w‘<wcr/2/§.1’2

The jumps of reflection coefficient occur only when going from TIR
to transmission; in the opposite direction there is only a jump in
the phase of reflection. At negative mismatch there exists also
an incident light intensity,
2 2

Ein B Ebl
at which there is no reflection at all (r=0) for any glancing
angle Y (see Fig. 2). This phenomenon is not the nonlinear analog
of the Brewster bleaching (since it does not depend on either the
angle or polarization of incident light), but is just due to the
fact that the field equalizes the susceptibilities of the two media
and makes the boundary completely transparent!»*2. In this case,
the jump from total reflection to the total transmission takes
place at y = wcr/2/§ (see curve 5 in Fig. 2). For CSQ, where
ny v 107 cgs esu, we have Ebﬁ v 1.8 x 10° v/em at AEL'b—103, in
which case y = 0,54°,

i

IAEL/EZI, i.e., Ae, = - AENL (16)

ITI. EFFECTS AT "NEGATIVE" NONLINEARITY. LONGITUDINALLY
INHOMOGENEOUS TRAVELLING WAVES (LITW)

In a number of physical situations, the nonlinearity can be
"negative" (i.e. €2 < 0 in (2)), for instance, due to nonlinear
resonant interactions*:22, 1In such cases, the nonlinear analogs
of linear waves (i.e., PW and SW) can exist as well. For plane
waves Snell's!3 and Fresnel'slY formulas remain valid just by
taking into consideration that now the sign of €, has already been
changed. Under this regime it is also possible to vary the value
of transition angle £ and reflection r by changing the incident
light intensity (Fig. 3). 1In analogy to the "positive"
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nonlinearity there also exists a nonlinear total bleaching of the
interface; the "bleaching" incident light intensity is given by the
same expression (16), but now the value of linear mismatch should
be positive (Fig. 3, curves 3 and 4).

In contrast to the '"positive'" nonlinear case, the surface waves
at the TIR regime should exist exactly in the same range of linear
mismatches and glancing angles (i.e. A€L<i0 and Y <y, = (Agp, /8 )2
but now the amplitude profile of SW given by 1ntegration of (11) is
as follows:?

€, 9 2‘/2
) o oy -,] 17
v 2 |82| sinh(koYz-+c) 3 Y [wcr v (7)

where the constant c¢ is determined by boundary conditions. The
peculiarity of TIR in this case is that the depth of penetration of
the field into the medium, which is defined by ¢, can be much
smaller than the depth of linear penetration-©.

But the main physical peculiarity in the case of negative non-~
linearity is the possibility of excitation (under special conditions)
of a new kind of wave: longitudinally inhomogeneous travelling waves
(LITW)“’7‘9. Being inhomogeneous and non-planar near the boundary,
these waves reduce to plane waves sufficiently far from the bound-
ary. The concept of longitudinal inhomogeneity was introduced by
us’ to distinguish this phenomenon from the self-actlons due to
transversely inhomogeneous waves, such as self- focu31ng and self-
bending?® of bounded light beams.

The consideration of (11) shows that under conditioms,

€, Ae
|€ I u_ < Q; Q = e—L + sinzw (18)
o] (o]

s

the excitation of LITW is possible. Integration of (11) yields two
possible intensity profiles of LITW in space:

2 € ]
u2=u°2°.tZB2 Sinh(Bk z+c) ; B [3—3 Z—Q] ) (19)

2 (=]
cosh Eo

For the minimum possible energy density at infinity,

2_2_2
uoo 3

Q (20)

the only one (limiting) type of LITW remains,




REFLECTION AND REFRACTION BY THE NONLINEAR INTERFACE 455

ol 1
o = (k z + ¢)
)

The unique "continuum' problem arises which is connected with new
solutions: we have only two conditions (which are equivalent to a
single complex boundary condition (5)) to determine three unknown
constants (v_, c¢c and ¢ in (7)); the radiation conditions (8) have
already been used for construction of LITW, i.e., (11) and (19).
Therefore, there is a continuum of solutions even when boundary
and radiation conditions are completely specified.

This situation differs radically from the situation in a lin-
ear medium and a "positive" nonlinear medium. The energetic cri-
terion for selecting a unique kind of physically realized LITW was
proposed by us3>8 which is based on the minimization of wave energy
density (at the same time it provides a maximum of wave energy
flux). The only realized kind of LITW appears to be a limiting
type (21), when vi reduces to the minimum possible value for LITW,
equal to v%, (20). This choice was confirmed lately in numerical
experimentsSb,10 by introducing weak absorption, and proved ana-
lytically8’9 by asymptotlc methods, implying a limiting transition
from the absorbing medium to a transparent one (a small parameter
of this transition appears to be of the order (kOL&lb)"2 5, where
Lap is a characteristic length of wave absorption).

The LITW excitation provides a new physical effect. First of
all, like a "positive" nonlinear case, it leads to the hysteresis
behavior of a system under definite conditions, but now the hys-
teresis jumps are arising between states of two different travelling
waves, PW and LITW (in contrast to "positive" nonlinearity, where
they should arise between PW and TIR). Hysteresis takes place only
under the following conditions:3>8,9

|€2 Ein| > hep > Zeosinzw . (22)
The behavior of reflectivity for different parameters of a system
is shown in Fig. 3 (in particular, one can see hysteresis, curve 5,
and self-bleaching, curves 3 and 4). In this figure Egr is the
critical intensity of incident light required for excitation of
LITW in every different case and D = AEL/EO.

Another effect which is of interest for applications consists
of self-limitation of energy flux of LITW penetrated into a non-
linear medium8>10. It is a direct consequence of the selection of
only a limiting wave (21) which has the only possible value of
Uy, = u,; behavior of energy flux I is shown in Fig. 4 for hys-
teresis and non~hysteresis situations.
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R=|r|%
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Fig. 3. Reflectivity R = |r|2 as a function of the incident light
intensity |E§n|. Curves: 1) D<O0, y2>|D|; 2) D = 03
3) ¥2>Dp/2 > 0; 4) Y2 = D/2; 5) Y2 < D/2; 6) D < O,

p2 < |p|.?

I=gu

LITW

A

Fig. 4. Energy flux I of transmitted waves as a function of the
incident light intensity IE%nI for hysteresis and non-
hysteresis situations?.

Finally, one of the interesting physics effects, caused by ex-
citation of LITW, is self—parallaxs’9 i.e. displacement of the re-
fracted rays along the interface. This effect is not the nonlinear
analog of the well known Goos-Hianchen displacement of bounded beams
under TIR, because in contrast to G.-H., self-parallax is valid for
unbounded waves, and for the transmission regime, rather than for
TIR. It corresponds to the initial "sticking" of the rays (Fig. 1,
curve 2) because of conservation of energy flux (9) (the angle &
should increase as the intensity u? decreases), and it does not de-
pend on the existence of hysteresis. The ray trace in the space is
given by the formula®,

x = 2(3/Q% + L1 + z,/2) " (23)

where % is the parallax for z -« and zg is the characteristic depth
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for half of the parallax; % and zg are determined by Ein’ ¥ and AeL.
Let k,=10° cm™!; Agr/e, = -107%;" ¢ A 0.7° and le,/e T = 10710 cgs
esu; then the ceritical value of Ejy for excitation of LITW is ECr =
1.15 x .10% v/em, and if Ein = 2E.,, one should obtain 2=1.2 cm
and zg = 0.01 mm, so parallax is very strong and arises at a very
small depth.

IV. THEOREMS OF LITW EXISTENCE FOR ARBITRARY
KINDS OF NONLINEARITY

The existence of LITW in the system with negative nonlinearity
and its absence in a '"positive" nonlinear system pose a number of
questions comparable to arbitrary kinds of nonlinearity, such as:
is it possible to predict what kinds of nonlinearities and system
characteristics can produce the possibility for the existence of
LITW; and, what kinds of nonlinearities do not allow LITW? What
are the parameters of possible LITW if allowed?

All these questions have been answered by the theorem formu-
lated and proved by us in Ref. 7. This theorem related the exist-
ence of different kinds of travelling waves with the behavior of a
"characteristic" nonlinear function F(u) (12). The main conclusion
of the theorem is that the existence of LITW in a transparent medium
is possible if, and only if: 1) there exists a range V 2 u where
F(u) >0; 2) F(u) falls at least somewhere in V (i.e., there is at
least one interval W c V where F(u) falls monotonically); and
3) if these conditions are satisfied, the LITW, if excited, can have
a value of u, which must belong only to this falling interval, i.e.
always uy, € W. The proof of this theorem is based on investigation
of the behavior of the integral in the right-hand part of Eq. (11).

One of the main consequences of this theorem is that LITW can
be excited only in such a nonlinear medium whose nonlinearity
eNL(uz) has at least one interval of fall. On the other hand, LITW
can never be excited in the medium with increasing function eNL(uz).
This is the reason why excitation of LITW is impossible for "posi~
tive" nonlinearity.

The "continuum problem" arises for all kinds of LITW. There-
fore, the special direction of the theory of one-dimensional non~
linear waves should be devoted to the theory of "realization" of
nonlinear transmitted waves in those cases of arbitrary nonlinear-—
ity. Several theorems concerned with this problem were formulated
by us?. In particular, the complete class of functions F(u) were
found which allowed the realization of LITW in general, and it was
proved that the principle of minimization of wave energy is valid
throughout this class.
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V. BISTABLE REFLECTION BY "ARTIFICTAL'" NONLINEAR INTERFACE

Tt was mentioned above that plane-wave theory (or precisely
speaking, one-dimensional theory) can be applied to some real ex-
perimental situations rather than being just a simple physical model
of phenomena. One such situation is the reflection of light from
the interface between a linear and an "artificially" nonlinear medium
proposed in Ref. 15. This can be achieved by using an electro-optic
element as a nonlinear medium, which is driven by the signal from a
detector which receives the reflected (or refracted) light. Such a
light-feedback method is analogous to the one used in hybrid de-
vices?6, However, now it changes the refraction angle of the light
behind the interface rather than the phase shift of wave in the
resonator. The electro-optic element can change susceptibility of
the same value practically in the entire working volume of the
medium; this is the reason why the plane-wave theory can give a
satisfactory description of this situation.

It can be proven that hysteresis arises only under conditions
where the "output" beam is the reflected one and the "nonlinear"
medium is the one of incidence. It means that the detector received
the reflected light and its signal drives the input medium (i.e.,
incidence of light occurs from the electro-optical element) which
has a susceptibility that is assumed to have the form ei—eo-FAEL +
kI,., where AEL > 0, I, is the intensity of reflected light and k is
a constant which depends upon the detector and electro-optic modula-
tor characteristics. By analogy with the theory in Refs. 1 and 2,
the "nonlinear Fresnel formula" for amplitude reflectivity of the
interface r can be obtained in the case of transmission regime15

kI. - 2
o _ '4(_4»_] 1 ;} ) % (24)

L lpcr (l+r)2 P

where ¢ is again a glancing angle of incidence, wcr==VA€L/€o is the
eritical angle of linear TIR and I, is the intensity of incident
light. Hysteresis jumps between the "transmission" and TIR states
can only be observed if

Ae 2
v > l‘Ucr and Iin g —EE {f%— - 1]

cr
In contrast to "real" nonlinearities, very low power sources of
light such as He-Ne laser can be used; mismatching Agp more than
10~2 and glancing angle Y up to 5°~10° can be achieved. It provides
a simple method for bistable nonresonant operation and optical sig-
nal processing such as an optical memory, switch and logic opera-
tions, pulse shortening, and so on. The hysteresis behavior of re-
flectivity of such devices for difference ratio w/wcr is shown in
Fig. 5.
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o for different ratios w/wcr. Curves:
D v/, =1.3; 2) W/, =1.5; 3) W, = 2.

VI. BISTABLE REFLECTION FROM THE BUTT-END OF A
NONLINEAR WAVEGUIDE WITH METALLIC WALLS

Another case where the one-dimensional theory is valid is the
reflection of light by the interface between linear and nonlinear
single-mode waveguides with metallic walls2?

, (Fig. 6).

It is not difficult to show that under conditions where wave-
guide size, a, is close to the "cutoff" value A

o/2=’ch/(m/€O , the
wave equation for the nonlinear slab waveguide whose susceptibility

can be represented in the form (2), is as follows,

2 2
2 Ae e, |E] A
dE 2 |1+ L3 270 (o] .
dzz o € 4 2a

c E™ (25)
o

where A_ is the wavelength in the linear waveguide, E is the field

in the middle of the slab, and coefficient 3/4 appears due to non-

uniformity of the field across the waveguide cross-section.

It is
equal to Eq. (4) if we introduce the "effective" nonlinearity, as
well as "effective" glancing angle by,

=3 2, - _o°
L 7 €5 |[E| ; cosy. = 5 - (26)

The reflectivity R==|r|2 as a function of incident light
intensity I

459
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Fig. 6. Reflection by nonlinear waveguide butt-end.

Therefore, the theory of nonlinear waves in such a system should be
completely equivalent to the one-dimensional theory considered above.
In particular, in the case of €, > 0, if the situation,

Ay2 b ' A,
AEL < 0and 1 - [EZ] + ?;;-< 0 [a < —EJ

is chosen (i.e. butt-end of the nonlinear waveguide is totally re-
flecting for a weak field), we can expect a nonlinear bleaching at
the interface by strong fields as well as hysteresis jumping from
the TIR state to the transmission regime. In such cases, the strong
field '"pushes through" the cutoff waveguide. All results mentioned
above are applicable to those devices just by taking into account
relationship (26). The only problem is that the requirement for the
reflectivity of metallic walls should be very rigid; preliminary
estimation shows this reflection has to be about 997% or better,
which is not easy to obtain in the optical range.

VII. CONCLUSION

It will be useful to point out several possible applications
of phenomena considered above, proposed for the first time in Ref.
(1,2) besides bistability:

1. These phenomena can be used as a method of investigation of
nonlinear properties of matter, for instance to measure non-
linear coefficients €,; :

2. It is possible to develop a new kind of nonlinear surface
spectroscopy, which would be analogous to linear spectroscopy
of internal reflection;

3. "Surface switching' devices can be used as a very fast and
broad-band shutters in lasers for generation of giant pulses;
4. Nonlinear refraction can be used for angular switching and

scanning of the refracted beam (i.e. space switching and
scanning), which can provide a declination angle of up to
several angle degrees for a period of time less than a pico-
second.

All these applications can be realized in hysteresis as well as in







